The behaviour of a long isolated ideal chain polymer interacting with two parallel surfaces is investigated within the context of a simple cubic lattice model in three dimensions. In order to be able to obtain information about the contacts of the polymer with the plates the full chain is subdivided into trains, loops and bridges. A maximum term method is used to calculate the configuration sum of the polymer. In order to find the distribution of the subchains that maximises the partition function in the limit of infinite molecular weight a Lagrange multiplier method has been applied. This gives a closed set of equations from which one can uniquely calculate all relevant thermodynamic quantities as a function of the interaction energy, the temperature and the distance between the plates. In addition to the free energy and the entropy of the chain also the fraction of monomers on the surface and the number of trains is calculated. Next we give results about the ratio between the number of bridges and loops and the fraction of monomers in these loops and bridges. Finally the effective force between the plates due to the polymer material is calculated.
Introduction
The lattice approximation is an attractive way of modelling polymer chains.
Picturing a string of monomers as a sequence of consecutive sites in the lattice is very appealing.
Because certainly the microscopic description will be incorrect, some quantitative results, for instance those that are lattice dependent, will come out wrong. But considering the lattice approximation as an example of a coarse-graining procedure, one may expect collective phenomena, such as phase transitions and the corresponding critical exponents, to be reproduced quite satisfactory. Indeed the distinction in the literature between a real polymer chain, with excluded volume' that is, and a self-avoiding random walk on a lattice is often very vague, if not completely absent.
Here we will restrict ourselves for simplicity to linear chains at their o-temperature with zero excluded volume parameter, that is ideal chains. This et al implies that different elements of the random walk, which we will use to model the chain, may occupy the same lattice site, regardless of their distance along the chain. This includes polymers where neighbouring momomers have strong repulsive interaction, such as the pentane effect in polycarbon chains where a g+-g_ configuration is energetically very unfavourable'.2).
If one forbids only configurations concerning monomeric groups near to each other along the chain, the memory is still finite and the nature of the walk remains Markovian. It means that one step on the lattice can in principle correspond to a number of bond vectors between consecutive monomers, in order to allow for a local stiffness of the chain. Considering the concept of the equivalent polymer"), however, one sees that this restriction is of no consequence. It is more or less equivalent too to the way in which local bond restrictions can be implemented in a general way by a random matrix formalism as formulated by Yamakawa") and Hoeve' ).
Hence what is important is the fact that monomers at distanct positions from each other along the chain, but possibly close together in Euclidean space, have no interaction. The problem is that for very long polymers this is strictly only true at the B-temperature, and that any temperature fluctuation or polydispersity of the polymer length distribution will give rise to qualitatively different behaviour.
Also the presence of an interface could have significant effects on this o-temperature.
The polymer will be represented by a free random walk on the lattice sites. The interface we choose to be an impenetrable hard wall, represented by a plane of the lattice. The walk may visit sites on the surface, but cannot cross it.
This means that the walk is restricted to one half-space only. For a single plate lattice models have been used by a number of authors"'").
Rubin") has used a general lattice approximation.
Instead of a definite lattice he considers a series of parallel planes, with transition probabilities for the random walk to move to an adjacent plane. In principle these probabilities can be chosen independently for each plane, though generally this means that the resulting problem can only be solved numerically'*). Here we will consider the effect of the presence of a second interface, parallel to the first one. For definitions we will use a simple cubic lattice (SC), and we take the walls to be (l,O,O) planes. Consequently the walk is restricted to layers between these two planes.
Thus we try to model a polymer in a slit environment. Models for this problem have been proposed by several authors. Chan et a1.13) have used a freely hinged model, extending the very early work of Mackor and Van der Waals'43'5). Clayfield and Lumb16) have used a MC-method on the lattice, which has been extended by Wall et a1.17) to include self-avoidingness.
This latter work has been reviewed recently by Whittington18).
Meier") and later Hesselink et a1.20) and also Napper2') have used Gaussian statistics for the loops and tails of the polymers to find results for colloid stability. Dolan We will use an analysis that is quite similar to theirs.
The model
The way we will calculate the configurational sum 0, for a polymer of length n between the plates is by considering the single long chain to consist of distinct subsequences, which we will call trains, loops and bridges. We call a sequence of sites visited by consecutive steps in the walk a train if all sites are in one of the layers that represent the confining walls. A sequence that starts in a lattice layer adjacent to one of the walls is called a loop if it ends in a train on the same wall and a bridge if it ends on the other wall ( fig. 1 ). Note that this is slightly different from the way Wiegel and Perelson") define the loops and trains. The point is that we consider the sites, rather than the steps of the walk. The reason for making this distinction between sequences is that we will consider the wall to be interacting with the monomers through some potential. Any chain element situated on a lattice site in one of the plate layers will be given an interaction energy F, which may be positive or negative. On all other layers the potential will be zero, so we can only simulate short range forces. The extra Boltzmann factor due to this potential only appears in that part of the configurational sum which is generated by the trains. The combinatorics of the trains itself will prove to be quite trivial. The number of possible configurations of loops and bridges is much harder to obtain, but both numbers will follow a) train b) loop C) bridge 
Note that for the self-avoiding walk this result is much less trivial. Dombm) and
Fisher and Sykes3') have shown that for a self-avoiding walk o, = p"ny~', which is an asymptotic relation for large IZ, with /* depending on the type of lattice and y a universal constant, depending only on dimension. Recently Nienhuis32) proved that in two dimensions y corresponds to its Flory value of i.
The partial configuration sums for the loops and bridges can be found by using a matrix formalism as described by Weiss and Rubin3"). We number the layers of the lattice parallel to the surfaces with a parameter j = 0, . . . , r + 1. The layers j = 0 and j = r + 1 represent the plates, and consequently loops and bridges are those configurations restricted to layers j = 1,. . . . r. We introduce numbers p: that stand for the number of possible sequences starting in layer j = 1 and reaching a site in the jth layer in exactly k steps. Note that we use k as a superscript, rather than a power. Next we can derive a recurrence relation between the p:. If the p:-' are known for all j = 1,
. , r we can use them to find pi". For the SC-lattice there are six steps that reach a site in the jth layer, four starting from a site in the same layer, one step starting in j + 1 and one in j -1. Thus we have forj=2,...,r-1 and
PC)
because layer j = 0 and j = r + 1 are reserved for trains. These equations may be written concisely in matrix form by defining column vectors pk = (Pi,. ' . , pg) and a tridiagonal r X r matrix W with diagonal elements Wj,j = 4 and codiagonal elements W, j+, = Wj_,,j = 1. In this notation eqs. (2a-c) become
The start vector p" = (pi, . . . , p",) of reaching layer j = 1 in zero steps of course is simply given by p" = (1, 0, . . . , 0). By repeatedly using eq. (3) we have pk = WkpO.
The numbers vn and rn now are simply the py-' and p:-' respectively. 
where the superscript r indicates the number of layers between the plates. This last problem turns out to be easy, as all eigenvalues and eigenvectors of W can be found analytically. Then w = mn-' (6) gives W in closed form. Here A is diagonal and L? is a unitary transformation that rotates the basic vectors pk into a base in which W is diagonal. As known from elementary matrix calculus the elements of Ll are the elements of the normalized eigenvectors & ; oij = "j = 0;.
From orthonormality of the eigenvectors there follows K' = 0. For W as defined above we have (i, j = 1, , . . , r) and as can be checked by substitution.
A somewhat simpler way to see this is by using the sum rule sin(a + b) + sin(a -b) = 2 sin(u) cos(b) to derive the relation
showing that indeed 6~: is an eigenvector with eigenvalue A,. Note also that the special case for j = 1 and j = r is included because one of the sines on the left-hand side becomes identically zero. The normalization factor in (9) is checked without too much difficulty by going to the complex plane, after which the summation becomes elementary.
The results for v,, and r,, thus are given by
It is not obvious that these expressions indeed yield integer values regardless of the arguments r and n. The point however is that if one tries to reduce these expressions, for instance with induction on n, one returns to the recurrence relation (2) on the pi, which uses only integers.
Finally one should note that as a corrollary one finds expressions for the partial configuration sum of a tail of II steps, a sequence starting in one of the layers j = 1 or j = r and reaching the kth layer in II -1 steps,
It turns out however that we need this expression only for the cases k = 1 and k = r, the loops and bridges.
The total configuration sum
We consider a single walk on the lattice, starting (and ending) at arbitrary points. After a number of steps the walk reaches one of the walls. The section up to this point is called a tail, and from this point on it is called a train, until it leaves the wall again to form a loop or a bridge to the other wall. This is repeated arbitrarily often, until finally the walk ends with a tail section again. Of course it is possible that the walk never reaches a wall, but for a long chain the probability of this situation becomes very small, and in the limit of an infinitely long chain indeed vanishes. The general form of a walk is
Note that the shortest possible tail, loop and train all consist of one site. Because the walk is non-self-avoiding it may trace back along the same path from which it came. The shortest bridge for obvious reasons has a length which is equal to the number of planes between the walls. As we said we will consider an infinitely long walk. It has been shown by Runin") that in the limit n + 00, where n -1 is the number of steps of the walk, the contribution of the tail ends to the configurational sum becomes vanishingly small compared to those of the trains, loops and bridges. Stated differently, there are only very few configurations with substantially long tails, and for an infinite chain their measure becomes zero. For our purposes we may as well forget about the tails altogether, and restrict our discussion to the other types of configurations.
Following Hoeve, DiMarzio and Peyse?) we represent the polymer by a very large set S, = {fi, li, b,}, i, i, k = 1, . . . , II. The ti stand for the number of trains of length i in the configuration, and similarly for 1, and b,. Because the total number of sites is n, there is the relation between the elements of S,, i k(tk + lk + bk) = n. k=l (14) We will take the limit n --, 00 only afterwards.
For the majority of possible walks of course most entries are zero. As each train is followed by either a loop or a bridge, the total number of trains, which for definition we will call m,, will be equal to the total number m2 of loops and bridges (remember that we are neglecting end effects). We have ilk="',,
One given set S, still allows for a very large number 05; of distinguishable walks. In order to calculate this number we can separate the set S,, is a set T = {ti} for the trains and a complementary set F = { 5, bk} of loops and bridges.
Now this Qz can be found by doing combinatorics for T and F separately, and multiply the results. That this can be done comes from the specific way (13) Similar arguments for the set F lead to the result
Next we have to multiply with an extra Boltzmann factor exp(@) = exp(0) for each site on one of the walls, that is each train element gets an extra adsorption energy. We find for the partial configuration 
An extra (and irrelevant) factor of two comes from making the difference between walks starting on different walls, a distinction which we had neglected up till this point.
Finally we have to sum over all possible sets S,, Q,=cQf. ( 
19) s
The problem with this sum is that an exact analytical solution does not exist, while a numerical evaluation is only possible for relatively small values of n. For increasing n the number of allowed sets increases exponentially, and the calculation becomes prohibitively long. At present, exact enumerations for self-avoiding walls are done for n = 20 at most, on parallel processing machines. Maybe n = 30 or n = 40 could be reached by the next generation of computers, but probably even this estimate is overly optimistic. Of course Monte Carlo methods can be applied to much larger chains, but then one can put doubts on the sample size. As we will show in the next section, however, it may not be necessary to complete this impossible task, and asymptotic results for large )2 can be found analytically.
Calculation of the configuration sum with the maximum term method
As we have said before, one set S, still allows for a very large number of distinguishable walks. For finite n the number of possible sets S,, is also very large, but still finite. Consequently in this sum there is a set Sz which of all terms produces the largest contribution to 0,. We shall apply the maximum term method to this sum Q,, by retaining only this contribution, and neglecting all other terms. Moreover in the limit n -+ 00 it has been shown by Gibbs and DiMarzio") for a single plate that this is the exact asymptotic result. The relative contribution of the maximum term becomes so dominant over that of all other terms together that the error of neglecting these becomes irrelevant in the thermodynamic limit.
Thus the impossible task of summing over all possible sets S, is replaced by the problem of finding the set SE that yields the maximal term. Though we still need the help of a numerical calculating device at one point in this derivation, the thermodynamical quantities one wishes to obtain can be found to any number of decimal places, with a very small amount of computing time and money.
The method most suitable for maximizing eq. (18) for Q," under the constraints (14) and (1%) we must maximize s;T = log 0; + 5c, + w2 (21) without restrictions for S. Note that we have chosen to use the monotonous function log 0" instead of C?z itself. This choice enables us to remove any occurring factorials by making a Stirling approximation in the limit ~--SE, log n! = II log n -n. Maximising 
or rather
tk = mpk exp[p + k(t?+ [)I. Pa)
In the same way we find for the lk and b, lk = w4 exp(k5 -PU) , (25b) bk = m2r; exp(kr -p) .
So we have four unknown parameters m,, m,, ,f and p, which govern the optimal distribution for the trains, loops and bridges. We can solve for these parameters by using the normalising definitions (15a, b) and the constraints ci and c2. Eq. (15a) in the limit n + 00 gives 
A second relation between /L and 5 can be found by considering (15b): m 
m2 = 2 (lk + bk) = m,e-' 5 (v; + r;)ekZ
If we eliminate p from eqs. (29) and (27) we obtain an implicit relation between 5 and the external interaction parameter 8; 
Note that m itself is the extensive variable, but the average number of monomers per sequence n/2m is finite for finite 5. Note too that this is very similar to eq. (12) of ref. 6 . From eqs. (33), (30) and (29) we find parameters p, ,$ and m which govern the distribution of the tk, lk and bk for the set Sz that maximises the conhgurational sum 0: in the thermodynamic limit. Of course one may also interpret our results as an asymptotic solution for large n, but one has to be careful with this. In principle we have only found the leading order behaviour, and our analysis gives no clue about the magnitude of the correction terms. One remark is still in order. In the limit r-+m the effect of the plates upon each other, in other words the influence of the bridges, becomes decreasingly small. Thus in this limit we must expect our results to coincide with those of the single plate as obtained by other authors".").
In this limit the summation of course becomes very time consuming, but the limit itself is easy because the integral that follows can be performed analytically35): Moreover f'(t) can be found simply by differentiating the right-hand side of (34) . Note that we used the symmetry of the sine and cosine function to remove the obnoxious factor (-1)'.
f&) = ','+; s i

The thermodynamic properties
Now that we have obtained the configurational sum and the corresponding equilibrium distribution of monomers over trains, loops and bridges, we can calculate some physical observables.
The properties of interest that we will consider are the fraction of adsorbed monomers, the Helmholtz free energy, the internal energy (from which one calculates the entropy s), and the pressure between the planes because of the adsorbed polymer. (5) .
The Helmholtz free energy per monomer is given by (36)
where k,T = l//3, the temperature of the system. For 0, we take the same approximation as we did in eq. (23). If we substitute the distributions as given by eq. (25) and make use of the constraints c1 and c2 as defined by eq. (20) we obtain the simple expression
This shows that indeed the log 2 is irrelevant. It also shows the physical interpretation of the Lagrange multiplier 5 as the average free energy attached to a monomer.
The average internal energy is calculated very simply. Monomers that are part of loops or bridges have no potential energy, while those of the trains have an adsorption energy --E each. Thus the average internal energy per monomer is the fraction of adsorbed monomers times E:
The entropy per monomer then simply becomes u-a s = -= -k,(@' + 5).
T
The pressure between the plates can only be approximated because the distance between the plates is always an integer multiple of the lattice constant p(r) = -(E), = kT,'!z 5(r' 'I-;; + Ar' 'I,
We will for several values of r calculate t(0) for a number of values of the interaction constant 8.
r2 -rl
Discussion of the results
As we have shown in the previous section all thermodynamic properties at a given value of 8 can be expressed in terms of r(e), f(0) and f'(e). The free energy per monomer, according to eq. (38), simply is t(0) itself. In order to find this 5 for a given value of the dimensionless adsorption energy 0 = c/kg T and the distance r between the plates we have used a simple bisection method for the zero point of the expression (cf. eq. 30)
As we have shown in section 5 this function has a unique zero in the interval
For this case we found that the bisection method is very safe and rapidly converging.
A Now the behaviour as a function of r can be read off directly. Indeed, for r -+ 00 eq. (34) is recovered.
In a more complicated way a similar expression for 1 < a < sec(n-/(r + 1)) might be found. Though Abraham and Weiss give some suggestions we have not been able to do so in this case (see also ref. 29, appendix B).
In fig. 3 we have plotted 7, the fraction of adsorbed monomers, that is the fraction of sites in the outer two layers 0 and r + 1. For large values of 8 one sees that, as may be expected, almost all sites are on the attracting surfaces. The heat motion of the chain apparently is not sufficient to keep it off the surface for a very long stretch. Still a finite fraction of the monomers remains in solution at finite temperature. For low values of 8 the repulsive force keeps the chain from reaching the wall, but only for infinite plate separation the number of sites on the surface is indeed of measure zero. There is a kink discontinuity, a second order phase transition at 0, = log:. For lower, but positive 0, the heat motion still drives the chain away from the walk. For finite plate separation the phase transition is not sharp anymore and there always remains a finite fraction of sites on the repelling surfaces. As expected this fraction increases with decreasing plate separation. Above 13, a significant amount of sites is taken up by the bridges. The shorter they are, the easier they are formed and hence n decreases with decreasing r, somewhere above 0,. Our results for infinite plate separation coincide with those of Wiegel and Perelson") and Rubin") who solved the adsorption problem on a SC-lattice for a single plate. In fig. 4 we have plotted the entropy per monomer s/n (eq. (40)). For infinite plate separation the entropy below 0, is constant, s = k, log 6, because the full chain is in solution.
Above 0, the entropy decreases until it asymptotically reaches s = k, log 4 when the chain is fully adsorbed. Six and four of course are just the coordination numbers of the lattice in three and two dimensions respectively.
For finite plate separation again the sharp transition is washed out. One may check that, as DiMarzio and Rubinz9) have noted, $-a) = The inverse of this gives just twice the average number of elements per subchain.
some value of 0 the bridges become so small that they start disappearing altogether.
For lower values of r at the same adsorption energy bridges still can be formed. The average subchain length becomes smaller due to the short bridges, and the curves intersect.
This intersection can occur before or after the maximum has been reached, which explains the rather complicated crossing of the curves near 8 = 0.4. Only for r = 1 bridges always are equally probable as loops of equal length.
This latter qualitative discussion is made quantitative in the next two plots. This ratio is plotted in fig. 7 . While the value for I = 1 is constantly unity, those for all other r tend to zero as 8 increases.
Moreover this decrease is steeper when r is higher and the curves for r > 1 all intersect.
Again for I = cc, the single plate, the formal result would be identically zero, quite unlike the limiting behaviour of the curve for large r, which tends to a Heaviside function at 8 = 19,. This is due to the breakdown of the model we use, below 0, eq. (30) has no solution for r = 30 (but it does for r + m). Below 0, a walk starting at the surface would simply trail off and never return. Any second surface, no matter how far, would eventually be reached and a bridge is formed. Would that second surface have been just one step beyond, a loop would have resulted.
Hence loops and bridges contain equally many monomers when r + cc. In the same fashion one may argue about B/L, by cutting off the loops by introducing a second boundary. The result will be the limiting curve of fig. 6 . The final thermodynamic quantity of interest we will discuss is the effective pressure between the plates due to the polymer material. This parameter is plotted in fig. 8 , where we simply have used the values of LJ from fig. 2 . This explains the half-integer value of r. In principles a formula like eq. (43) can trivially be generalised to non-integer r, but apart from the difficulty for a > 1, it is quite unclear whether this would be a better interpolation than any other phenomenological fitting procedure on the calculated values of t,(0 intuitively. At 0, the pressure is zero, as if no polymer were present. Stated differently at 0, the adsorption energy just balances the loss of configurational freedom of the chain. The polymer does not 'see' the plates, nor do the plates 'see' the polymer. Above 0, the plates start attracting each other effectively. As 8 becomes very large however, the polymer sticks completely to one plate,. less bridges are formed, and the effect of the second plate diminishes.
One sees that the pressure drops to zero again when 8 + cc). One of the main shortcomings of the model also presents itself in this plot. For 0 > f3, the effective force between the plates is always attractive and even increasing with decreasing distance. Eventually this would lead to a collapse of the polymer to a two-dimensional structure, squeezed between the plates. In reality the interaction would become et al. repulsive again when the excluded volume effect, which we have neglected, would become effective, and collapse will be at least partially avoided. 
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